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In this paper we will be concerned with division rings that are finite 
dimensional and central over a field K which is an algebraic (possibly infinite 
dimensional) extension of the rational field Q. In Section 1 we determine 
necessary and sufficient conditions for an abelian group to occur as the 
Brauer group of such a field. It should be emphasized that there is little 
difficulty in showing that our Brauer groups satisfy the requisite properties; 
the problem is in showing that every group satisfying these properties 
actually occurs as the Brauer group of some field algebraic over Q. Section 2 
is devoted to the proof of a stability property of the Brauer group, one which 
is preserved under finite extensions. In Section 3 we investigate which of the 
theorems of [3] and [6] fail in the case where K/Q is infinite dimensional. 
Many of our theorems hold with only slight modification when the field K 
is assumed to be algebraic over the function field Zp(t) for some prime p; 
when this is the case we will mention the relevant result with only an indica- 
tion of the proof. Thus all fields considered will be algebraic extensions of Q. 
The notation and terminology of [3, 41 will be in force throughout this 
paper. In particular, a division ring D which is finite dimensional and central 
over a field K will be called a K-division ring. If D is a K-division ring with 
K/Q algebraic, it is well known that the index and exponent of D are equal; 
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this fact will be used repeatedly without further mention in the sequel. We 
will also use freely the theory of Hasse invariants for k-division rings when K 
is an algebraic number field; for an exposition of this material, see [2]. 
If L 3 K are algebraic number fields and rr a prime of K, we will say 7r is 
inertial in L if T has a unique extension y to L; necessarily then [L, : h,] = 
[L : K] where L, and k, are the respective completions of y and rr and [L : k] the 
dimension of L over k. When we speak of a countable set S we allow the 
possibility that S be finite. If A and B are central simple algebras over a 
field K we write A - B to indicate A is similar to B. [A] will denote the class 
of A in the Brauer group of K. 
1. THE STRUCTURE OF B(K) 
All fields we consider will be subfields of &, the algebraic closure of the 
rational field Q. If K C Q is a subfield, we write B(K) for the Brauer group of 
K. We first indicate our procedure for analyzing elements of B(K). Suppose 
[A] E B(K) where A is a central simple K-algebra. Choosing a basis for A and 
noting that the multiplication table for this basis is defined over some algebraic 
number field L yields: A z A,, or. K where A, is central simple over L and 
[A,, : L] = [A : K]. A is a K-division ring if and only if A, or. F is a division 
ring for every algebraic number field F with L C F C K. A N K if and only 
if there is some number field M, L C M C K, with A, or, M N M. 
Let now KC & be a subfield. B(K) is clearly an abelian torsion group. 
The elements of B(K) are classified by the G-dimensional central simple 
algebras over K. As K is countable and each m-dimensional associative algebra 
over K is determined by an m x m matrix (via some choice of basis), we see 
that there are countably many isomorphism classes of m-dimensional algebras 
over K. Taking the union over all m = 1, 2, 3,... we see that B(K) is also 
countable. 
Let H be the maximal divisible subgroup of B(K). By [g, Theorem 31 
B(K) = H @ V where I/ is reduced. Before stating our main theorem we 
need a technical lemma characterizing the elements of prime power order in H. 
LEMM.4 I. Let p be a prime, a an integer, and x an element of H of order pa. 
Then x is of form [D,, OF K] where F/Q isfinite, F C K, and D, is an F-division 
ring of index pa having nonzero invariants only at finite primes of F. 
Proof. Suppose first x E H is of order pa. Then x = [D] where D is a 
K-division ring of index pa. As noted above we have D g D,,@, K where D, 
is an L-division ring of index pa, L/Q finite, and L C K. Suppose D, has a 
nonzero invariant at some infinite prime of L. Then p = 2 since only even 
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dimensional simple algebras can be nonsplit over the real field R. Since 
[D] E H, [D] = [Di aE K12 where E C K, [E : Q] < co, and DI is an 
E-division ring. Thus [D,] & K = [DJ” BE K, so for some field F, 
[F : Q] < co and EL C F C K, we have [D, &F] = [D$ BE F. But 
invariants at infinite primes are 0 or 4, so by [2,0.2] [D, or, F] has invariant 0 
at all infinite primes of F. Now D, oL F is an F-division ring of index pa for 
which (D, or. F) OF K z D, and D, or. F has nonzero invariants only at 
finite primes of F. 
Conversely, suppose [D] E B(K) w h ere D is a K-division ring of index pa 
and D g D, OF K with [F : Q] < 03, F C K, and D, is an F-division ring 
of index pa having nonzero invariants only at finite primes of F. We must 
show [D] E H. Let rTT1 ,..., nr be the set of primes of F for which [D,] has 
nonzero invariants. Let D, be the F-division ring of indexpnmlmi with inv,[Ds] = 
0 for x $ (7ri ,..., Z-J, inv,$[D,] = (l/p) inv,i[D,] for i = l,..., r - 1, and 
inv,?[D,] = -( 1 /p) xilt inv,([DJ. D, exists because CL, inv,([Da] := 0 
(see [l, Theorem 8, p. 641). Then [D3]p and [D.J have the same invariants so 
[D3]p = [D.J. It follows that [D, (ZJ~ K]P = [Dz OF K] = [D]. Similarly 
[D, OF K] has a pth root in B(K), and we can continue taking pth roots 
indefinitely. If (m, p) = 1, then [D] is an mth power in the subgroup of 
B(K) generated by [D]. This shows [D] E H, and the proof of Lemma I is 
complete. 
We are now in a position to state and prove our main theorem. 
THEOREM 2. A group G is isomorphic to B(K) for some field K C & if and 
only if G is a countable abelian torsion group, G g H @ V where H is divisible 
and V is a vector space over Z, . 
Proof. First let K be a subfield of &. We have already noted that B(K) 
is a countable abelian torsion group of form B(K) s H @ V with H divisible 
and V reduced. It remains only to show V is a vector space over 2, . Suppose 
then the coset x = [D]H is an element of B(K)/H. By Lemma 1, H contains 
every element of odd order in B(K). S ince x is the product of an element of 
odd order with one of order 2a, we may suppose x has order 2” and D is a 
K-division ring of index 2”. Assume [D]H # H. Then, by Lemma 1, 
D g D, OF K with [F : Q] < co, F C K and D, is an F-division ring of 
index 2” having nonzero invariants at some nonempty set {ni ,..., r,} of 
infinite primes of F. Without loss of generality, if r is an infinite prime of F 
and inv,[Ds] # 0, then we may suppose T E (ri ,..., rr}. Let D, be the 
F-division ring with invVz[D,] = + for i = I,..., Y and: 
(a) if Y is even then inv,[D,] = 0 for all n 6 {rrr ,..., rr}. 
(b) if r is odd then inv,OIDJ = 4 for some other prime rr, 6 {z-r ,..., r,} 
and inv,[D,] = 0 if 7~ 4 {no , rrl ,..., v,}. 
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It is immediate from Lemma 1 that [D, OF Or] OF K is in H. Thus [D] = 
P, OF J% OF Kl. K4 OF Kl so [DIH = PI OF Wf. But Ml OF K 
has order 2, so B(K)/H is a vector space over Z, . This completes the proof 
of the easier half of Theorem 2. 
Now let G be an abelian countable torsion group with G s H @ I/ where 
His divisible and V is a vector space over Z, . We must prove that there exists 
a subfield K C & with B(K) g G. We will construct K as a union of a chain 
Kl C K2 C ... Ki C ... of algebraic number fields Ki . We begin with some 
definitions. 
If 6 is a countable divisible torsion group, then by [8, Theorem 51 U is a 
direct sum of copies of Z,, for various primes p. We let Y,(U) denote the rank 
(possibly co) of the p-primary component of U. Let W be the set of primes p 
such that Y,(H) < co. We write W = {p, , p, ,...} where p, < pa < .... If W 
is a finite set, say W = ( p, ,..., p,j, set p, = (p,p, ...plz)” for every m > n. 
(If IV is empty we set p,, = 1 for all m.) We may therefore suppose that W is 
infinite with the understanding that r,(H) makes sense for p E W only when p 
is prime. For F an algebraic number field and rr a finite prime of F, we say r 
lies in the ith block if n extends the rational prime p, p > 0, where p is one of 
the first i primes in the usual ordering of the primes. 
Let dim V denote the dimension of V over Z, . If dim I/ = 0, we set 
Kl == Q(qq). If dim V = 00, let Kl = Q. If dim V = Y, Y finite, Y > 0, 
let Kl be an algebraic number field having precisely Y real infinite primes. 
We next specify a finite set of “distinguished” primes of Kl . In our inductive 
definition of {KJ, the construction of Ki+l from Ki will be with respect to a 
finite set of “distinguished” primes of Ki . We first arbitrarily choose one 
prime of k; in the ith block. That prime together with the set of all real 
infinite primes of Kl constitutes the set of distinguished primes of Kl . 
Assume inductively that Kj has been defined and a finite set of primes of 
K, has been specified as distinguished. By the Grunwald-Wang theorem 
[I, Theorem 5, p. 1051 there is a cyclic extension K,+l of Kj of degree 
2p,p, ‘.‘P,(PiE w,i = I ,...) j) which satisfies the following four properties: 
(I) If r is a distinguished real infinite prime of K, , then all extensions 
of 77 to Kiti are real infinite. 
(2) If n is a real infinite prime of Ki which is not distinguished, then 
all extensions of v to Kj+l are complex. 
(3) If rr is a prime of Kj lying in the ith block and n is not distinguished, 
then TT is inert in Kj+l. 
(4) If rr is a distinguished prime of Kj which lies in the ith block with i 
minimal and y is a prime of K,+l extending r, then [(Kj+&, : (Kj),J is 
maximal (as a divisor of 2p,p, ... pj) subject only to the requirement that 
p 7 [(K,~; i)., : (K?),,] for any prime p E W u (2) for which Ye 3 i. 
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In condition (4) above we are following the usual convention that 03 > i 
for any finite i; this guarantees that if 2 $ W then all extensions to Kj+, of 
distinguished finite primes of Kj have odd local degrees. 
To complete the induction, we must specify which primes of Kj+, are 
to be distinguished. If r is a distinguished infinite prime of Kj and dim V = ~0, 
then all extensions of r to K,+l are distinguished. If QT is a distinguished 
infinite prime of Kj and dim V = r with 0 < Y < co, arbitrarily choose one 
extension of rr to K,+l and let that prime be distinguished. If n is a distinguished 
finite prime of Kj , arbitrarily choose one extension of n in K,,, and let that 
prime be distinguished. Finally, arbitrarily choose one prime of k;,, lying 
in the (j + I)th block which does not lie in the jth block and let that prime 
be distinguished. We have now specified all of the distinguished primes of 
K,+l and so completed the induction. K, is defined for all j, and we set 
K = (Jj”r K, . We will prove that B(K) g G. 
Note that there are precisely j distinguished finite primes of K, , one over 
each of the firstj rational primes. If dim I’ = r where 0 < r < co there are 
precisely Y distinguished real infinite primes of Kj, while if dim V = co 
there are [Kj : Q] distinguished real infinite primes of K, . 
Let Hi be the maximal divisible subgroup of B(K), so B(K) T- HI @ VI 
with Vi reduced. We know that Vi is a vector space over 2, , so to prove 
B(K) s G we must show that YJHJ = r,(H) for all primes p and dim Vi = 
dim V. 
Assume p is a prime with r,(H) = 0. Let [D] E HI be of order dividing p. 
If D is a division ring of indexp over K, then D s D, OF K where, since the 
{KJ are cofinal in K, F = Kj for some j and D, is an F-division ring of index p. 
By Lemma 1 we may assume D, has nonzero invariants only at finite primes 
of K, . Suppose D, has a nonzero invariant at 7~. Since p E W, there is a t > j 
such thatp 1 [K,+l : KJ. Since we can never have YJH) >, i when r,>(H) == 0, 
(3) and (4) of the definition of K,+l imply that p divides the local degree of 
every extension of rr to K,,, . This in turn implies that D, OF K,_, is split 
at all extensions of rr. Repeating this procedure at all primes for which 
[D,] has nonzero invariants, we conclude that D, OF L -L for L ~~ K, 
and s sufficiently large. But D s D, @F Kg (D, BP L) gL K, a contra- 
diction. We conclude that r,(H,) = 0 if r,(H) = 0. 
Assume next thatp is a prime with r,(H) = co. Suppose r,(H,) == w < co. 
Letj > wand ri ,..., vi the j distinguished finite primes of Ki . Let rr be any 
other prime of Kj Set F = Ki . We define the F-division ring Di , i = I ,. . . , j, 
by: 
inv,[DJ = 0 for Y $ b-3 mi) 
invwi[DJ = l/p 
inv,[Di] = -l/p. 
BRAUER GROUPS 333 
Since [Di OF K]EH~ and yD(HJ = w <j, the {[Di @F K] 1 i = I,...,j) 
must be a dependent set of elements of H,; this says there are integers cr ,..., cj, 
not all divisible by p, with [D# OF ... OF [D,]“j @JF K = [K]. Thus for 
someL = K, with u > j we must have [D$l @F ... OF [Di]“j @J1: L = [L]. 
If yi is any extension of ri to L we have 
0 = i ct[Lyi :F,J invVi[Dt] = (1,/p) ci[Lyi : F,,J 
t=1 
in Q/Z. Since r,(H) = 03, p $ W. If p f 2, then p r [tYf : Fni]. This forces 
p/c, for all i, a contradiction. The only remaining possibility then is p = 2. 
But then J-~(H) = co, and condition (4) of the definition of K,+1 gives 
[L,, : F, ] must be odd for yi the unique distinguished prime of L extending 
vi . Again we are forced to the conclusion 2/c, for all i, a contradiction. Thus 
r,(H) = co implies r,(H,) = co. 
Finally assume r,(H) is finite but nonzero. Let j = r,(H) and F = K, . 
In F there are precisely r,(H) finite distinguished primes, say r1 ,..., rrj . 
Let r be a finite prime of F, = not distinguished. Let Di , i = I,..., j, be the 
F-division ring of index p with inv,,(DJ = 0 if y $ (7, nil, inv,*(D<) = I/p 
and inv,(D;) = - I/p. The same argument as in the case r,(H) == co shows 
that ([Di OF K] 1 i = I,...,j> are independent elements of order p in Hi . 
Thus r,(H,) 3 rp(H). Now suppose [D] E Hi , D of index p. We can assume 
D :=- D, s)L K where L = Kj,, for some u and D, is an L-division ring of 
index p having nonzero invariants only at finite primes of L. Let yi ,..., yj be 
the distinguished primes of L extending rTT1 ,..., V~ and set inv,,[DJ = b,/p. 
Then [D&l C& [D,“l OF ... OF Dj”j OF L] = [A] has invariant 0 at yi , 
i = 1 ,...,j and can only have nonzero invariants at finite primes which either 
are not distinguished or lie in the kth block, k minimal, and k > j = rJH). 
In any event, conditions (3) and (4) of the definition of Kj,, guarantee that 
some E == K, for v > j + u is a splitting field for [A], and so [D,] or. E = 
bl kF . OF Dbj] OF E. It follow that [D] = [D, or. K] = 
[z: @F K]“l OS ... ‘& [Dj OF KJbj. This proves that ([Di 0, K] 1 i := 
I,..., jj generate the elements of order p in Hi , and so rfl(H) = rp(Hl) in this 
case also. 
WC have now established that Hg HI; it remains to show dim P-i = 
dim I -. If dim I/ = 0, then Kl = Q( d--1), so Kj has no real infinite primes 
for any j. By Lemma 1 then HI = B(K), and so dim I’, = 0. If dim V = cc, 
the analogous argument (using the real infinite primes of Ki) to the one used 
in the case r,(H) = cc will show dim Vr 3 j for all j. Thus dim Vi = co 
in this case. Finally assume dim I/ = I, 0 < r < co. We have exactly r 
distinguished real infinite primes in Kj for every j. By condition (2) of the 
definition of K,,, we note that if rr is a real infinite prime of K, which is not 
334 FEIN AND SCHACHER 
distinguished, then all extensions of v to K,+r are complex. Let F = Ki and 
b-5 >“., ,rr} be the distinguished real primes of F, let y be a finite prime of F. 
We define the quaternion algebras Di , i = l,..., Y over F by: 
inv,(D<) = 0 if 7-r I h Y r> 
inv,(Di) = 4. if 77 E {Ti , r>. 
An argument exactly analogous to the case r,(H) = r, 0 < Y < co, will now 
prove {[Di OF K] / i = I,..., Y} are independent generators for B(K)/H, . 
Thus dim Vi = dim V = Y in this final case and the proof of Theorem 2 is 
complete. 
If k is a subfield of Zy), the algebraic closure of the function field Z,(t), 
then the situation in Theorem 2 is considerably easier. In this case there are 
no real primes, and B(k) becomes divisible. Thus we have: 
COROLLARY 3. A group G is isomorphic to B(k) for some subfield k C iJt) 
if and only if G is a countable divisible torsion group. 
2. A STABILITY RESULT 
Again we consider a subfield K of Q. For any integer n let B,(K) = 
(X E B(K) / nx = I}, the subgroup of B(K) annihilated by n. Suppose L is a 
finite extension of K. We prove: 
THEOREM 4. If B,(K) = {I}, then B,(L) = (1). 
Proof. Assume B,(K) is trivial and 1 # x E B,(L). We may assume x has 
order p where p is prime and p / n. First we consider the case p = 2. Then, 
as before, we have x = [D] where D is an L-division ring of degree 2 and 
D z D, oLO L with [L, : Q] < co, L, CL, and D, an La-division ring of 
degree 2. Set k, = L, n K. Assume D, has nonzero invariants at the real 
infinite primes 3ri ,..., rrr of L,, . Let yi ,..., ys be the set of restrictions of these 
primes to k, . Suppose n is any finite prime of k, . We define a quaternion D, 
over k, by: 
(I) Ifs is even, then inv,i(D1) = $, i = I,..., s and inv,,(D,) ==: 0 for 
all other primes y of k, . 
(2) Ifs is odd, then inv,,(D,) = $ if y E {n, yi ,..., ys} and inv,(D,) = 0 
ify$tn,yl ,.-,y,>. 
By assumption D, Ok,, K N K, so there is a finite extension M of 12, with 
MCKandD,@kOM N M. This implies the following: every extension of 
the primes y1 ,..., ys in M is complex. If M,, = L,M, then M,, CL and every 
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extension of the primes 7rr ,... , rrv in M,, is complex. Let D, = D, @LO M,, . 
Then D, has nonzero invariants only at finite primes of M,, and x = 
[D3 &, L]. Thus we may assume, by Lemma 1, that x E H, the maximal 
divisible subgroup of B(L). If p # 2 we can again assume x E H by Lemma 1. 
This finishes the special analysis for p = 2; for the rest of the argument we 
may suppose x has order p, p is prime, p j n and x = [D] where D is an L- 
division ring of degree p, D E D, @a L with D, an R-division ring, R CL, 
and D, has nonzero invariants only at finite primes of R. Let S = R n K. 
Suppose D, has a nonzero invariant at a prime rr of R and y = 7r n S. Let 
p” be the highest power of p dividing [R,, : S,]. There is an S-division ring 
of degree pU-L1 with inv,(D,) = l/pU+l. B,,+l(K) = (1) since B,(K) = (11, 
so D, @, K N K. Thus there is a finite extension F of S, F C K, with 
Q @SF m F. We conclude, as before, that if y is any prime of F extending 
y we have pU+l j [F, : S,]. Let N = RF. Then NC L and: if t is any prime 
of N extending r we have p 1 [Nt : R,]. As a consequence D, OR N has 
invariant 0 at all primes of N extending rr. Since D, has nonzero invariants 
at only a finite set of primes, we can continue this procedure to find a finite 
extension P of R with P CL and D, OR P N P. But then x = [D] = 
VA, OR P> Op Ll = 1, a contradiction. This completes the proof of 
Theorem 4. 
Of course the requirement L/K finite in Theorem 4 can be relaxed. Since 
the algebraic case reduces trivially to the finite case, we have: 
COROLLARY 5. If K CL C & and B,(K) = (1) then B,(L) = (1). 
Theorem 4 is special to subfields of &; according to [7, p. 51 there are fields 
K with B(K) = (I} but B(L) # (1) f or various finite extensions L of K. 
However, Theorem 4 remains true for subfields of kD(t), p > 0; here the 
argument is again easier because the real infinite primes do not intervene, 
and so we have: 
COROLLARY 6. If K CL C Zz and B,(K) = (1) then B,(L) = (1). 
3. PURE EQUATIONS AND SUBGROUPS OF DIVISION RINGS 
Suppose k is an algebraic number field. According to [6, p. 5181, every 
pure equation of form xm - a, a E k, has a root in some k-division ring if and 
only if (-l)‘/” E k. Our next result shows this theorem fails in the infinite 
dimensional case. It is interesting to note, however, that this theorem does 
hold if k is a global field of characteristic p > 0. 
481/4311-22 
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By the field of real constructible numbers we mean the field obtained by 
closing the rational numbers with respect to extracting square roots of 
positive numbers. As in [6] we say a polynomial f(x) EF[x] is F-adequate if 
f(z) has a root in some F-division ring. 
EXAMPLE 1. Let C be the field of real constructible numbers. Then every 
pure equation over C is C-adequate although (- l)1/2 6 C. 
Proof. As in [6] it is enough to consider equations of form f(x) = 
XP’ - a where p is prime and a E C. If p is odd, then an adaptation of Propo- 
sition 1 of [6] immediately gives f(x) C-adequate. When p = 2 then C has 
a unique quadratic extension which is in the ordinary quaternion algebra 
over C, and f has a root in it. 
Our next result should be viewed as a counterexample to [6, Prop. I] in 
the infinite dimensional case. 
EXAMPLE 2. There is a field K C Q satisfying: 
(1) B(K) = Z,, 
(2) x3 - 3 is not K-adequate. 
Proof. We modify the definition of K in Theorem 2 to this extent: In 
condition (3) of the definition of Kj+l if rr n Q = (3) we require that the 
extension of r in Kj+l be unramified in K,,, . This is possible by the strong 
Grunwald-Wang theorem [I, Theorem 5, p. 1031. We show first x3 - 3 is 
irreducible over K. If not, then u3 = 3, u E K. This means II E Ki for some j, 
so if n is a prime of KY , m ] 3, then 3 divides the ramification degree of (K& 
over Qs . This contradicts the construction of Kj . To show x3 - 3 is not 
K-adequate, let D be a K-division ring of index 3. Then, as in Theorem 2, 
[D] = [D, @o K] where D, is the Q-division defined by: inva(D,) = +, 
inva(D,) = -4, inv,,(D,,) = 0 if y ${2, 3). Let u = (3)‘/“. By Krasner’s 
lemma x3 - 3 is reducible over Qa; this guarantees that D, &, K,(u) is not 
split at all primes of K,(u) lying over the distinguished prime of Kj extending 
2. Thus D, go Ki does not contain a cube root of 3 for all j, and so (3)1/3 $ 
D, & K = D. 
As in [3] we say a finite group G is K-adequate if G is contained in a 
K-division ring. Theorem 5 of [3] says a noncyclic odd order group is K- 
adequate when K is an algebraic number field if and only if K contains a 
primitive odd order root of unity. By [4, Theorem 51 it is still true that if 
K C Q and G is K-adequate, noncyclic, and of odd order then K contains a 
primitive odd order root of unity. The next example shows that the stronger 
result of [3] does not hold in the infinite dimensional case. 
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EXAMPLE 3. There is a field K C g so that: 
(1) a primitive cube root of unity is in K. 
(2) no noncyclic odd order group is K-adequate. 
Proof. We modify Example 2 so that B(K) s Z,, but Kr == $I(& l a a 
primitive cube root of 1. Suppose G were a K-adequate group. Let V(G) be 
the minimal division ring containing G as in [2] and 2 the center of V(G). 
Then, as in [2], V(G) @z ZK is a division algebra, and by the construction 
of K its nonzero invariants can only lie at primes dividing 2. By Witt’s 
theorems [9, Satz 10 and 111, G must have even order. 
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